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ABSTRACT: We show how to carry out the gauging of the Poisson sigma model in an
AKSZ inspired formulation by coupling it to a generalization of the Weil model worked
out in ref. [B]]. We call the resulting gauged field theory, Poisson-Weil sigma model.
We study the BV cohomology of the model and show its relation to Hamiltonian basic
and equivariant Poisson cohomology. As an application, we carry out the gauge fixing of
the pure Weil model and of the Poisson-Weil model. In the first case, we obtain the 2-
dimensional version of Donaldson-Witten topological gauge theory, describing the moduli
space of flat connections on a closed surface. In the second case, we recover the gauged A
topological sigma model worked out by Baptista describing the moduli space of solutions
of the so-called vortex equations.
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1. Introduction

One efficient way of generating a sigma model on a non trivial manifold X is the gauging
of a sigma model on a simpler manifolds M carrying the action of a Lie group G such that
X ~ M/G. The target space of the gauged model turns out to be precisely X. In many
interesting cases, a symplectic structure on M and a moment map for the G-action can be
defined and this construction is a particular case of a general procedure called Hamiltonian
reduction [fl].

The usefulness of gauging sigma models was first recognized by Witten in [ff], where the
gauged linear sigma-model with target X = C™ and group G = U(1) was used to study non-
gauged sigma-models into weighted projective spaces and Calabi-Yau hypersurfaces thereof.
Later, in [, applying the same procedure, Witten employed a gauged linear sigma-model
with target X = C*" and group G = U(k) in a study of the quantum cohomology of
Grassmannians.

The study of gauged sigma models, however, was initiated long before Witten’s work.
Developing on the results of Gates, Hull and Rocek in [, the gauging of (2,2) supersymmet-
ric sigma models on biHermitian manifolds was studied originally by Hull, Papadopoulos
and Spence in [[]. Their analysis was however limited to the subclass of almost product
structure target spaces because of the lack of an off-shell (2,2) supersymmetric action in
the general case at that time. After the realization that biHermitian geometry is natu-
rally framed in generalized complex and Kaehler geometry by Hitchin and Gualtieri [B, ],



(2,2) supersymmetric sigma models have been fruitfully formulated in this new powerful
geometric language. In this way, the off-shell (2,2) supersymmetric sigma model action on
general biHermitian manifolds was recently obtained in ref. [§]. This has led the authors
of ref. [g to extend the analysis of [[] to general biHermitian target spaces. In [L0], the
same analysis has been carried out in the on-shell formalism.

(2,2) supersymmetric sigma models are rather complicated quantum field theories and,
so, they are difficult to study. In 1988, Witten showed that a (2,2) supersymmetric sigma
model on a Calabi-Yau manifold (a particular case of biHermitian manifold) could be
twisted in two different ways, to give the so called A and B topological sigma models [[L],
[[J]. Unlike the original untwisted sigma model, the topological models are soluble: the
calculation of observables can be reduced to classical problems of geometry. Topological
sigma models on general biHermitian manifolds have been worked out in recent years to
a various degree of depth in [IJ—[[7]. However, only a small number of papers has been
devoted to the study of gauged topological sigma models [[[§-PR0] and these are concerned
with the Calabi-Yau case only. The problem arises of constructing gauged topological
sigma models with more general biHermitian target space geometries.

In the last few years, many attempts have been made to construct topological sigma
models with generalized complex and Kaehler target manifolds [R1-R6. In [P RJ], the
sigma models were worked out by employing the Batalin-Vilkovisky (BV) quantization
algorithm [R7, in the Alexandrov-Kontsevich-Schwartz-Zaboronsky (AKSZ) formula-
tion [R9]. To date, this seems to be the most promising approach to the solution of the
problem, though, as shown in [B(], the implementation of gauge fixing remains a major
technical obstacle even in the simplest cases.

In ref. [BI], we showed how Hamiltonian symmetry reduction could be incorporated
in the sigma model on generalized complex manifolds worked out in refs. 23, P4] (the so-
called Hitchin model). This was achieved by coupling the sigma model to a kind of ghostly
Poisson sigma model called Weil model. To illustrate our procedure, we applied it also to
the standard Poisson sigma model B3, B3] in the AKSZ formulation of refs. [B4, Bg].

As it turns out, coupling to the Weil model amounts to a gauging procedure. In [B1],
the background principal bundle was taken to be trivial. In this paper we show that this
restriction is not in any way essential. With appropriate modifications, the Weil sigma
model can be formulated and the coupling of the Weil model to the relevant sigma model
can be implemented for a general principal bundle. We restrict ourselves to the Poisson
sigma model for its simplicity and its independent interest. Our construction results in a
gauged Poisson sigma model, which we call Poisson-Weil sigma model.

It is instructive to write down the classical action of the Poisson-Weil sigma model
to see its relation to the conventional formulation of standard Poisson sigma model. The
target space is a Poisson manifold M with Poisson structure P* carrying a Hamiltonian
action of a Lie group G with fundamental vector field u; and moment map u; and leaving
P invariant. The base space ¥ supports a principal G-bundle Q. The fields are an
embedding field z%, a cotangent space valued 1-form field 7,, as in the ordinary Poisson
model, and a gauge field A%, a coadjoint scalar field b; and an adjoint scalar field B**. The



classical action is

S = /2 [ —b; BT — b FA" — pi(z) BT + naDaz® + %P“b(:n)nanb , (1.1)

where
Fyl = dA' + %fijkAjAk, (1.2)
D% = dz® — u;%(x) Al (1.3)

are the gauge curvature of A* and the gauge covariant derivative of 2%, respectively. The
Poisson-Weil sigma model enjoys a large symmetry which extends that of the ordinary
Poisson sigma model by the gauge symmetry. The symmetry closes only on shell, as in the
ordinary case. This disease is cured by using a suitable BV formulation generalizing that
of B3, B

The Weil and Poisson-Weil sigma models have a very rich algebraic and geometric
structure. The BV cohomology of the Weil model is related to the basic cohomology of the
Weil algebra W (g) of the Lie algebra g of G (in turn isomorphic to the de Rham cohomology
of the classifying space BG of the group G). The BV cohomology of the Poisson-Weil model
is related to the Hamiltonian basic and equivariant Poisson cohomology of the Poisson
manifold. To some extent, this is expected on general grounds and the fact that this is
indeed so shows the soundness of the models.

As an application, we work out the gauge fixing of the pure Weil sigma model and
of the Poisson-Weil sigma model in the BV framework. In the first case, we obtain the
2-dimensional version of Donaldson-Witten theory, a topological field theory describing
the moduli space of flat connections on a closed surface [B@, B7]. In the second case, we
recover the gauged topological sigma model worked out by Baptista in refs. [Il§-R0], which
describes the moduli space of solutions of the so-called vortex equations and is a gauged
version of Witten’s A-model [[L1], [[J].

The plan of the paper is as follows. In section fl, we present a generalization of the
Weil sigma model originally worked out in ref. [B1], which is valid for a general principal G-
bundle on the sigma model world sheet and is suitable for the constructions of the following
sections. In section f], we work out a gauge fixing of the Weil model and show that it
yields the 2-dimensional version of Donaldson-Witten theory. In section [], we formulate
a generalization of the Poisson-Weil sigma model worked out in ref. [B]] and show that it
constitutes a gauging of the ordinary Poisson model. In section f], we carry out the gauge
fixing of the Poisson-Weil sigma model and show that it reproduces the gauged topological
sigma model by Baptista. In section [, we outline briefly potential generalizations of the
constructions of this paper to the case where GG is a Poisson-Lie group. Finally, in the
appendices, we conveniently collect various relations and identities which may help the
reader willing to check the details of our analysis.
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2. The Weil sigma model

In this section, we present a generalization of the Weil sigma model originally worked out
in ref. BT, which is suitable for our construction. Though the covariance of the superfields
of the version of Weil sigma model studied here is more general, its BV formulation is
essentially the same as that of [B]. The reader is therefore invited to read that paper for
more details on the BV formalism used and the derivation of the classical master equation
and BV variations below.

We consider a geometrical setting consisting of the following elements.

1. A closed surface X.
2. A compact connected Lie group G with Lie algebra g.
3. A principal G-bundle @ over .

With ¥ there is associated the degree shifted tangent bundle T[1]X. Let a; : T[1]X — X be
the associated bundle projection. Then, we can construct the pull-back principal bundle
a1*@Q over T[1]3X. Concretely, a;*@ can be described in the language of 1 cocycles as follows.
Let {Ua} be an open covering of ¥ such that Q|y, ~ Ua x G. Let {gap} be the G-valued
1-cocycle representing ) with respect to the covering {U4}. Define g 5 = gapoa;. Then,
{g 4p} is the G-valued 1-cocycle representing a;*@Q with respect to the covering {a; ~*(Ua)}
of T[1]X.

A generalized connection ¢ of a1*@Q is defined as follows. ¢ is given locally on each
open set a; ~1(U,) of T[1]X as a function ¢4 € I'(a1 ™' (Ua), g[1]) with c4 = Adgazcn —
gapd(gap") ona; " (Us)Na1 =1 (Up) # 0, where d is the homological vector field of T'[1]%
corresponding to the de Rham differential d of 3. (The choice of the sign of the affine term is
conventional.) We denote by Conn(7T'[1]%, a1*Q) the affine space of generalized connections
of a1*Q).

The adjoint and coadjoint bundles Ada;*Q, AdYa,*Q are defined as Ada;*Q =
a1*Q xggand Ad¥a1*Q = a1*Q xgg". A section s € I'(T[1]2, Ad a1*Q) is given locally on
each open set a; 1 (Uya) of T[1]¥ as a function s4 € I'(a1 ™1 (Ua), g) with s4 = Adg,p sp
on a; Y (Ua) Na; 1 (Ug) # 0 and similarly for Ad¥a;*Q. Degree shifting is achieved by
replacing g by g[n] above and similarly for g".

The field content of the Weil sigma model is the following.

1. A section b € T'(T[1]2, AdYa,*QI0]).
2. A section B € T'(T[1]¥, Ad"a1*Q[—1)).
3. A generalized connection ¢ € Conn(T'[1]X, a1*Q).

4. A section C € I'(T[1]%, Ad a1*Q[2]).!

In [@] B C were denoted by B, I, respectively.



The BV odd symplectic form is given by
Qu = / Q[abiaci +5Bi50’}. (2.1)
T[1)®
The action of the Weil sigma model is given by
Sy = Q[bi <ch — = flelch + CZ> — B;(dC" — fljkcfc’f)} . (2.2)
TS 2
Sy satisfies the classical BV master equation

(Sw, Sw)w =0, (2.3)

where (-, )y are the BV antibrackets associated with the BV form Qy [BI].
The BV variations of the Weil sigma model fields are

Swb; = db; + f";clby, + f*;,C7 By, (2.4a)
. 1 .
Swe' =dc — gf’jkc]ck +C", (2.4b)
owB; =dB; + fk]ZC]Bk - b;, (2.4C)
SwC' =dC" — fidCF, (2.4d)
where o = (Sw,-)w [BII.
From (R.3), it follows that the Weil sigma model action is BV invariant
owSw = 0. (2.5)

Again from (.3), it follows that the Weil sigma model BV variation operator dyy is nilpotent
oy =0, (2.6)
as can be directly verified from (P-4).

Relation to the Weil algebra complex. The Weil sigma model owes its name to its
relation to the Weil algebra complex of g, as we shall review next (see for instance [Bg,
for background material). To any Lie algebra g, there is canonically associated the Weil
algebra W (g) = A*gV[1] ® v*g"[2], the tensor product of the antisymmetric and symmetric
algebras of gV in degree 1 and 2, respectively. The natural g-valued generators w, Q of
W (g) carry degrees 1, 2, respectively. The Weil operator dyy is the degree +1 derivation
on W (g) defined by

. 1
dyw' = Q" — éfljkw’wk, (2.7a)
dw Q' = — i QF. (2.7b)
It is simple to check that dy is nilpotent

dw? = 0. (2.8)



Therefore, (W (g),dw ) is a differential complex. Its cohomology H*(W (g), dw ) is actually
trivial. However, it is possible to define also a g basic cohomology Hy .. (W (g),dw ), which
turns out to be non trivial, as follows. One defines degree —1 graded derivations i; and
degree 0 graded derivations I; on W(g) by

iw! = 67, (2.9a)
i =0, (2.9b)
lLiw = —fI ", (2.9¢)
LY = —f7,0F (2.9d)

The derivations i;, I; and dy have the same formal properties as the contraction i,, Lie
derivative [,, with v a vector field, and de Rham differential dx on the graded algebra
differential forms Q*(X) on a manifold X. The basic subalgebra W (g)pasic of W (g) consists
of those elements w € W (g) such that

ijw =0, (2.10a)
liw = 0. (2.10Db)

(W(@)basic, dw) is a subcomplex of the differential complex (W (g),dw ). Its cohomology
H*(W (g)basic, dw ) is by definition the basic cohomology Hy, . .(W(g),dw ). It can be shown
that W (g)pasic = Bg = V*g¥[2]¢ is the G-invariant subalgebra of the symmetric algebra
V*g¥[2] € W(g) of g¥ in degree 2. Actually, one has H},.(W(g),dw) ~ Bg, since the
restriction of dy to Bg vanishes.?

As shown in ref. [BI]], when @Q is trivial, the superfields ¢, C' describe the embedding
of T[1]¥ into the Weil algebra W (g) of the Lie algebra g. For any point z € T[1]|%,
the evaluation map e, : T'(T[1]3, W (g)) — W (g) is a chain map of the chain complexes
(I(T[1]2,W(g)),8'w), (W(g),dw), where &'y is the nilpotent mod d reduction of dyy
obtained by setting d¢' = 0, dC* = 0 in (2:4H), (R-4d). When Q is not trivial, ¢, C become
sections of a vector bundle of Weil algebras. The above geometrical picture still holds but
only locally on T[1]X. This justifies the name given to the sigma model described here.

We shall not attempt an exhaustive study of the BV cohomology of the Weil sigma
model. We shall only stress that it contains a sector isomorphic to the Weil algebra basic
cohomology H}, . (W(g),dw). If one wished to construct a superfield out of a generic
element w € W (g), one would try with something like

1 . o .
w=3 ]Tq!w’il-.-ipjl---iqcn PO O (2.11)
p,q

w, however, is only locally defined, since the superfields ¢/, C? are. To make w globally
defined, two requirements must be fulfilled. First, the right hand side of (P.11]) must contain
no occurrences of ¢’, since this is a generalized connection and, so, it is defined locally up

2 As is well known, the importance of the Weil algebra basic cohomology stems from its being isomorphic
to the cohomology of the classifying space BG of G.



to a local gauge transformation. Second the Weil algebra element w must be G-invariant.
These requirements amount to requiring w € Bg. So, we are led to consider superfields

1 . .
w=>" awjl,,,iq(}ﬂ . CYa, (2.12)
q

with w € Bg. By a simple calculation, one finds
oww = dw. (2.13)

Hence, w is a cocycle of the mod d BV cohomology. Since Hy .. (W(g),dw) ~ Bg, the
mapping w — w defines an isomorphism of H} . (W (g),dw) and a certain sector of the
mod d BV cohomology.

In field theory, one is interested in the BV cohomology rather than the mod d BV co-

homology, since the BV cocycles are the observables of the field theory. For any supercycle
Cof T[1]X

w(C) = 7{ w (2.14)
c
is a cocycle of the BV cohomology
oww(C) = 0. (2.15)

For a fixed homology class [C] of T'[1]3, the mapping w +— w(C) defines a generally non
injective homomorphism of H .. (W (g),dw ) into a certain sector of the BV cohomology.

The Weil sigma model in components. One can expand the Weil sigma model fields
in homogeneous components

bi(2) = bilz) + 9 A i(2) + %ﬁaﬂﬁcum(z), (2.168)
Ci(z) = ¢i(z) — 9% A (z) — %ﬁwﬁbz@i(z), (2.16D)
Bi(2) = Bi(2) + 00+ wi(2) + %190‘1950+a5,-(z), (2.16¢)
Ci(z) = C(z) — 94y () — %190‘1953+a5i(z), (2.16d)

where z ~ (z,1), 2, ¥ being base and fiber coordinates of T[1]X. The ghost number of
the various component fields is given by the degree of the superfield they appear in minus
the number of ¥¢ they are multiplied by, as deg¥* = 1. All component fields belong to
either Q*(X,AdQ[n]) or Q*(3, AdVQ[n]) for some n except for A which is an ordinary
connection of ). The choice of the signs of the component fields is conventional.

The action and the BV variations of the Weil sigma model (cf. eqs. (.9), (2.4)) can
be written down explicitly in terms of the components fields. The resulting expression are
lengthy and are collected in appendix [A] for convenience.

It is interesting to study the classical version of the Weil model and compare it with
known models. The classical Weil sigma model is obtained by truncating the field content



of the full Weil sigma model to the ghost number 0 sector. The classical action of the
model is found to be

SWC:/Z [—bi(FAi—kB”) . (2.17)

This is essentially a BF like field theory. The symmetry variations of classical Weil sigma
model are obtained from the BV variations of the full Weil sigma model by retaining only
the ghost fields of ghost number 1,

SweAl = ' — Dac', (2.18a)
Swebi = £ty (2.18b)
dweBT = Dy — fiid BT (2.18c¢)
Swed = —%fijkcfc’“, (2.18d)
Swet)' = — il yP. (2.18e)

It is simple to verify that Sy is invariant under the above field variations
SweSwe = 0. (2.19)

The classical field variation operator dw. is nilpotent

Swe? =0. (2.20)

We stress that this relation holds off-shell.

3. The gauge fixing of the Weil model

To yield a field theory suitable for quantization, the Weil sigma model has to be gauge
fixed. To this end, we introduce two trivial pairs of fields and their antifields.
1. ¢ € Q9(2,AdYQ[-1]), v € Q°(X, AdYQ[0]) and their antifields ¢t € Q2(3, Ad Q[0]),
7T e Q*(2,AdQ[-1)).
2. CeQO(%,AdVQ[-2), T €Q%(%, AdVQ[—1]) and their antifields C* € Q2(, Ad Q[1]),
't e O%(%, Ad Qo).

The Weil sigma model auxiliary BV odd symplectic form is

O aux = /E [55“5@- + 6710 + 6CTI6C; + 5r+i5ri] . (3.1)

The Weil sigma model auxiliary BV action is
S aux = /2 [aﬂ'% +é+irz}. (3.2)

The BV variations of the auxiliary fields are
OwauxCi = Vi, (3.3a)
OwauxVi = 0, (3.3b



Swamy T = —E", (3.3¢)
Swauxé ™ =0, (3.3d)
SwauxCi = —T4, (3.3e)
dwauxls = 0, (3.3f)
Swan[ T = —C, (3-3g)
SwanxC T = 0. (3.3h)
One has as usual

oW aux Swaux = 0. (3.4)

Owaux 1S nilpotent,
Swaux: = 0. (3.5)

The gauge fixing is implemented by adding the auxiliary fields to the field content of
the Weil sigma model and by adding the auxiliary field action Syyaux to the Weil sigma
model action Syy:

SWext = SW + SWaux' (36)

The gauge fixed action Iy is obtained by restricting Sywext to a suitable Lagrangian sub-
manifold £y in field space

Iy = Swext| o (3.7)

Iy is invariant under a BRST symmetry sy, which is the residual BV symmetry left intact
by the gauge fixing.

The Lagrangian submanifold £y is defined in terms of a ghost number —1 gauge
fermion Wy in the form ¢ = Wy /d¢, where ¢ is any field. The gauge fermion we choose
has the following form:

Ty = / [— hib;Bj % 1+ CiDa %' + &Day x (A" — A |, (3.8)
%

where h is an Ad invariant metric on g. Above, * denotes the Hodge operator associated
with a metric of X. Ag is a background connection of (). The insertion of Ag is required
by the global definedness on ¥ of the integrand in the right hand side of (B.§). Then, £y
turns out to be explicitly defined by the constraints

b= —hYB; 1, (3.9a)
Bt = —hp; x 1, (3.9b)
cti =0, (3.9¢)
cti=o, (3.9d)
AT = %Day& + fFi % I Cy, (3.9¢)
YT = — x DGy, (3.9f)
Cti = Dy * 9, (3.9g)
I =o, (3.9h)



&M= Da, * (A" — AgY), (3.91)
7T =0. (3.95)

Substituting (B.9) into (A.2) in accordance with (B.7), one then finds that the gauge
fixed action Iy is

Iw :/ [%DAO s (A" — A" + &Day % V' — Dag& * Dac + b * 1 (3.10)
Y
— biFa’ + BiDay' — DaCyx DaC' — (T + f71,Cic*) Da x4’
+ fErCib? x % 4 f9.B; B;C* % 1].

The BRST variations of the fields are obtained from ([A.§), (B.3) upon restriction to
Lw. They read

swA' =" — Dad, (3.11a)
swipt = —=DaC" — flideh, (3.11b)
swhi = ¥ by + f*;,C7 By, (3.11c)
swB;i = —b; + "} By, (3.11d)
. A

swc' =C" — §fljkcjck, (3.11e)
swC' = —fladCk, (3.11f)
syé = fyi7 (3.11g)
swy' =0, (3.11h)
syCh = T, (3.11i)
sy = 0. (3.11j)

One can verify directly that
swilw = 0. (3.12)

Further, one has

sy = 0. (3.13)

In general, the BRST variation operator is nilpotent only on-shell. In this case however, it
does square to 0 off-shell.
Using (B.L1)), it can be verified that

Iy = Swiop + sw¥w, (3.14)

where the topological action Syiop is given by

Swiop = / [— biFal + B;D vt |. (3.15)
>

— 10 —



This relation shows the topological nature of the theory. All dependence on the metric of 3
and the background connection Ay is buried inside the gauge fermion ¥y. The topological
quantum field correlators therefore are going to be independent from these data.

The topological field theory, which we are dealing with, is in fact the 2-dimensional
version of Donaldson-Witten theory [Bf, B7, which describes the moduli space of flat
connection of a trivial principal G-bundle ). This is easily seen from the BRST varia-
tions (B-I1)) obtained above. It is known that a topological field theory localizes on the
BRST invariant purely bosonic on-shell configurations. Setting all the fermionic fields to
zero in the BRST variations and imposing that the resulting expressions vanish leads to
the equation b; = 0, which, on shell, is equivalent to

F'=0. (3.16)

We remark that the above procedure yields at once the full topological field theory
action and the Faddeev-Popov gauge fixing action. The latter consists of those terms in
the right hand side of (B.1(), which depend explicitly on the background connection Ay.

4. The Poisson-Weil sigma model

The Poisson-Weil sigma model stems from coupling the Weil sigma model described in
section P and the Poisson sigma model [B, BJ]. This procedure is in fact a way of gauging
the latter and generalizes our original construction in [BI]. As for the Weil sigma model,
the covariance of the superfields of the version of the Poisson-Weil sigma model illustrated
below is more general than that originally envisaged in [BI], but its BV formulation is
essentially the same. The reader is therefore invited again to read that paper for more
details on the BV formalism used and the derivation of the classical master equation and
BV variations below.
We consider a geometrical setting consisting of the following elements.

1. A closed surface X.
2. A compact connected Lie group G with Lie algebra g.

3. A principal G-bundle @ over .

4. A manifold M carrying a smooth effective left G-action with fundamental vector field
u€ C®M,TM ®g") .

5. A G-invariant 2-vector P € C®°(M,A\*TM) and a G-equivariant g'-valued scalar
p € C(M,g").

The geometry associated with these data is rich and intricate. Some of its features have
already emerged in the work [[[§-R0]. Here we shall limit ourselves to indicate the aspects
of it which are most directly relevant in our analysis.

The first three geometrical data are the ones entering in the definition of the Weil
sigma model as illustrated in section . The fourth geometrical datum allows one to define

— 11 -



the bundle Ey; = @Q x¢ M with base 3. FE)j; can be described as follows. Let {Ua} be
a sufficiently fine open covering of ¥. Then, locally, one has Ey|y, ~ Ua x M. Ejy is
obtained by identifying (z,ma) € Ugs x M and (z,mp) € Ug x M with z € UsNUp # ()
and mg = gap(z)(mp), where {gap} is the G-valued 1-cocycle representing ) with respect
to {Ua} and g(m) denotes the action of the group element g € G on the point m € M.
When @ is trivial, one has Ej; ~ ¥ x M. Sections z € I'(X, E)) generalize the customary
embeddings x : > — M, which they reduce to when @ is trivial.

The bundle projection a; : T[1]X — X introduced in section P allows one to pull-
back Ejs to T[1]X yielding the bundle a;*E)ys with base space T[1]X. In terms of a fine
open covering {U4} of 3, one has CLl*EM‘al—l(UA) ~ ay; 1 (Ua) x M. a1*E)y is obtained by
identifying (z,mA) € a1~ (Ua)x M and (z,mp) € a1~ (Up)x M with a1(z) € UsUUp # ()
and my = gap(2z)(mp), where {g 5} is the G-valued 1-cocycle representing a;*@Q with
respect to {a; 1(U4)} defined in section f. When Q is trivial, one has a1*Ey ~ T[1]X x M.
Sections ® € T'(T'[1]X2, a1* Epr) generalize the customary superembeddings x : T[1]X — M,
which they reduce to when @ is trivial.

Associated with Ej; are the vector bundle Vert TE); and its dual Vert*T E); with
base space F)r, where Vert T'Ey; = ker g, «, TE,, : £y — X being the bundle projection
and g« : TEy — TX its tangent map. Given a fine enough open covering {Uy} of
., the transition functions of the bundle Vert T'Ej; with respect to the open covering
{7E,, 1 (Ua)} are of the form tap(e) = gap(2)«(mp) for 7g,,(e) € Ua N Up, where e ~
(2, mp) in the trivialization Ey|y, ~ Up x M and g«(m) : T, M — Ty, M is the tangent
map at m € M of the action g : M — M of g € G. Given z € I'(X, Ejy), one can define
the pull-back bundles 2*Vert T Ey; and z*Vert*T E);, which are vector bundles with base
space Y. The transition functions of the bundle z*Vert TEys are tap(z) = gap(2)«(z5(2)),
where z(z) ~ (z,2p(2)) in the trivialization Ep|y, ~ Up x M.

This construction can be extended by replacing Ejp; by a1*Ej and ¥ by T[1]X
throughout above. In this way, one builds the vector bundles Vert T'a1*FEj; and its dual
Vert*Ta,*Ep; with base a1*Ejs. The transition function of Vert T'a;*Ejs are of the form
tap(e) = gap(2)«(mp) for 7y +p,,(e) € a1 (Ua) Na; 1 (Up), where e ~ (2,mp) in
the trivialization a1*Epr|q,-1uy) ~ a1 (Up) x M. Given @ € T(T[1]X,a1*Ey), one
can build the pull-back bundles x*Vert Ta1*Ey; and x*Vert*Ta1*Eys, which are vector
bundles with base space T'[1]3. The transition functions of the bundle x*Vert T'a;* Eys are
tap(2) = gap(2)«(zB(2)), where z(z) =~ (2, zp(2)) in the trivialization a1 Enlq,-1(1,) =~
al_l(UB) x M.

The fundamental vector field u satisfies the basic equivariance relation?
[ui, Uj]a = uib&)uj“ — ujbabui“ = fkijuka. (4.1)

The G-invariance of the 2-vector P and the G-equivariance of the scalar p are crucial in

3This relation fixes also the overall sign convention for v used in the paper. According to this, ¢g* (m) =
m® — €'u;%(m) + O(€2) for g = exp(£) € G with £ € g. See appendix @
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our construction. Infinitesimally, they are equivalent to the relations
ly, P = u;°0.P® — 9,u;* P — 0.u;" P = 0. (4.2a)
Lugptj = ui" Oy = fFij i, (4.2b)
The field content of the Poisson-Weil sigma model consists the following superfields.
1. The superfields of the Weil sigma model.
2. A section x € I'(T[1]X, a1* En).
3. A section y € I'(T[1]3, x*Vert*Ta,*Ep[1]).

The BV odd symplectic form is given by
Qpw = Qw + / 00x*dy,, (4.3)
T[1]%

where Qy is the BV odd symplectic form of the Weil sigma model given in (R.1)).
The action of the Poisson-Weil sigma model is

Spw:SW—l—/

. 1
[ o [ya (dz® 4w (@)¢) + p(@)C' + PP (@], (44)

2

where Sy is the action of the Weil sigma model given in (B.2). The G-invariance of P and
the G-equivariance of p ensure the global definedness of the integrand in the right hand

side of ([4).

It can be verified by explicit computation that Spyw satisfies the classical master equa-
tion
(Spw, Spw)pw = 0, (4.5)

where (-, )pw are the BV antibrackets associated with the BV form Qpw, provided u, pu,
P satisfy the conditions

P9, P 4 PPy, pee + Pl Pt =, (4.6a)
w;® + P™Oyp; = 0,

Bl]. Eqgs. (J.64), ({.6H) imply respectively the following properties.
1. P is a Poisson 2-vector and M is thus a Poisson manifold.
2. w is a moment map for the G-action, which is therefore Hamiltonian.

The BV variations of the Poisson-Weil sigma model fields are

opwb; = owb; — u;“(x)y,, (4.7a
Spwec' = dwc, (

opwB; = owB; — ui(x), (4.7¢
SpwC' = sy C", (4.7d
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Spwx? = dx’ + u;*(x)c’ + PP (x)y,, (4.7¢)

. ]
SpwY, = dy, + 9u;”(2)yyc' + Oapii(z)C" + §aapbc(w)ybyca (4.7f)

where dpw = (Spw, -)pw and the Weil sigma model dy variations are given by (.4) [BI].
From ([L.3), it follows that the Poisson-Weil sigma model action is BV invariant

Spw Spw = 0. (4.8)

Again from ([£J), it follows that the Poisson-Weil sigma model BV variation operator dpw
is nilpotent
5PW2 =0. (4.9)

Relation to the Hamiltonian basic Poisson-Lichnerowicz cohomology. When
conditions ([.4), (f.3) are satisfied, if @ € gV with coadjoint orbit @, and p=1(0,) is a
submanifold of M on which G acts freely and properly, then the quotient M, = u~1(0,)/G
inherits a Poisson structure P,, by a classic result of Marsden and Ratiu [ijj. One considers
mainly My = p~1({0})/G = M//G.

From the above discussion, it appears that the Poisson-Weil sigma model on a Poisson
manifold M carrying a Hamiltonian action of a group G encodes the Hamiltonian reduction
of M by G. Upon suitably restricting the image of = to p=1(0,), one expects to obtain
some kind of sigma model on M,. When the principal bundle @ is trivial, this should be an
ordinary Poisson sigma model on M,. The embedding fields of the model are then just maps
x: X — M,. Conversely, when () is non trivial, one should obtain a generalized Poisson
sigma model on M,. The embedding fields of the model are then sections x € I'(X, Ejr)
such that, in any trivialization Ey|y, ~ Uax M, z4(2) € p=1(O,) for z € Ua. (Note that
this property is independent from the chosen trivialization). Intuitively, they are some kind
of “Q-twisted” maps x : ¥ — M,. These facts should be reflected in the BV cohomology
of the Poisson-Weil sigma model, which we explore next. As we shall see, this investigation
will bring us close to the boundary of known mathematics.

Recall that a Poisson manifold M with Poisson 2-vector field P is characterized by the
algebra of multivector fields C*°(M, A\*T'M) and by the Poisson-Lichnerowicz differential
opr, = [P, ], where [-,] are the Schouten brackets on C°°(M,A\*T'M) (see for instance [[]
for background material). Since opy, is nilpotent, (C*°(M,AN*T'M),op1,) is a differential
complex, the Poisson-Lichnerowicz complex. The associated cohomology is the Poisson-
Lichnerowicz cohomology Hp; (M). Each cohomology class is represented by a Poisson-
Lichnerowicz cocycle, that is a multivector field a € C°°(M, AN*T' M) satisfying

OpLO = 0. (4.10)

This cocycle is defined up to a Poisson-Lichnerowicz coboundary, i. e. a multivector field
belonging to the image of opy,.

A simple analysis shows that H3; (M) is the algebra of Casimir functions of M and
HIIDL(M ) is the quotient of the space of Poisson vector fields of M over the space of Hamil-
tonian vector fields, etc. Further, the Poisson 2-vector field P, viewed as an element of

— 14 —



C>(M,Hom(T*M,TM)), induces a homomorphism P# of the ordinary de Rham coho-
mology Hjp (M) into Hpy (M), which is an isomorphism in the symplectic case.

Suppose that M carries a Hamiltonian smooth effective left G-action with fundamental
vector field u € C®°(M,TM ® g") and G-equivariant moment map pu € C*°(M,g") and
leaving P invariant. We call a multivector field o € C°°(M, A*T'M) Hamiltonian basic, if
« satisfies the conditions

iqu, 0 = 0, (4.11a)
ly,0 =0, (4.11b)

where i, denotes contraction with the 1-form w € C*°(M,T*M) and [, is the Lie derivative
along the vector field v € C*°(M,TM), i.e. if a is G-invariant and tangent to the p fibers.
The terminology is justified by the analogy to the notion of basic forms of a manifold with a
group action. We denote by C°° (M, A\*T'M )pasic the subalgebra of C°° (M, A\*T'M ) spanned
by the Hamiltonian basic multivector fields. Using the relations

tdu;OPL + OPLidu; = lu;, (4.12a)
opLly; — lu,opr, =0, (4.12b)
Lusidp, — lugidu; = Frijidus (4.12¢)

one shows that (C*° (M, A\*T'M )pasic, opr,) is a subcomplex of (C°(M,\*TM), opr,), the
Hamiltonian basic Poisson-Lichnerowicz complex. The associated cohomology is the Hamil-
tonian basic Poisson-Lichnerowicz cohomology Hp;, ..(M). Each cohomology class is
represented by a Hamiltonian basic Poisson-Lichnerowicz cocycle, i.e. a multivector field
a € C%®°(M, AN*T M) satisfying the conditions ([L.10), ([.11). This cocycle is defined up to
a Hamiltonian basic Poisson-Lichnerowicz coboundary, i. e. a multivector field belonging
to the image of opy, restricted to C°(M, N*T M )pasic-

Repeating the analysis done for ordinary Poisson cohomology, one can show that
HY, (M) is the algebra of ordinary Casimir functions of M and Hpp, . (M) is the
quotient of the space of G-invariant Poisson vector fields of M tangent to the u fibers
over the space of Hamiltonian vector fields with G-invariant Hamiltonians, etc. Further,
P induces a homomorphism P# of the ordinary basic de Rham cohomology H, IRbasic (M)
into Hpp ... (M), which is an isomorphism in the symplectic case.

The Hamiltonian basic Poisson-Lichnerowicz cohomology Hp . «.(M) was introduced
and studied in a more general context by Ginzburg in [Ad]. It is natural to expect

BLbasic (M) to be related to the Poisson-Lichnerowicz cohomology of the reduced Poisson
manifolds M, defined above. However, to the best of our knowledge, so far this relation
has not been elucidated in the mathematical literature except for symplectic manifolds
in [I3 by Kirwan, who showed the existence of a natural surjective generally non injective
homomorphism & : Higpacic(M) ~ Hpp g (M) — Hig(Mp). Virtually nothing is known
for more general Poisson manifolds.

We shall not attempt an exhaustive study of the BV cohomology of the Poisson-Weil
sigma model. We shall only try to highlight some of its novel features and its relation
to the Hamiltonian basic Poisson-Lichnerowicz cohomology. If one wished to construct a
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superfield out of a generic multivector field « € C*° (M, A*T'M), one would start by trying
with something of the form

1
a = Z ﬁa‘“'”ap (T)Ya, Y, (4.13)
P

This object is however only locally defined since the superfields %, y, are defined only up
to a local G-action. To render ¢ globally defined, one has to demand the multivector field
o to be G-invariant, o € C°°(M, A*TM)%. Infinitesimally, this is equivalent to ([E11H).

A straightforward calculation yields

1. ;
Spwor=da+ Y H(Zduia)“l“'“”(m)c’yal Y, (4.14)
P
1 al...ap
- Z H(UPLO‘) (®)Yq, “Ya,-
—~ 7!
Hence, one has
dpwa = dov (4.15)

provided o € C®°(M,A\*TM)% satisfies ([-10), (EI1d). In that case, a is a cocycle of
the mod d BV cohomology. Furthermore, the mapping « — « defines an isomorphism of
H asic(M) and a distinguished sector of the mod d BV cohomology.

As already remarked earlier, in field theory, one is interested in the BV cohomology

rather than the mod d BV cohomology, since BV cocycles are observables. For any super-
cycle C of T[1]%,

a(C) = 7§ o (4.16)
C
is a cocycle of the BV cohomology
5pwa(C) =0. (4.17)

For a fixed homology class [C] of T[1]X, the mapping « — a(C) defines a generally non
injective homomorphism of Hy; p,g.(M) into the BV cohomology.

We conclude that, for a fixed homology class [C] of T[1]X, «(C) is an observable
provided « is a Hamiltonian basic Poisson-Lichnerowicz cocycle. This establishes a ho-
momorphism of the Hamiltonian basic Poisson-Lichnerowicz cohomology Hpy ... (M) into
the Poisson-Weil BV cohomology.

In []], Ginzburg also defined the equivariant Poisson-Lichnerowicz cohomology
H{p (M), This can be realized in two different but equivalent models. In the Weil model,
one relies on the Weil algebra (W (g), dw ) complex described in section Bl Hp; (M) is the
cohomology of the complex ((C°°(M, AN*T M)W (g))pasic, OPLW ), Where basicity is defined
in terms of the graded derivations iw;i = gy, + 1%, lwi = ly; + i, by extending (.10), ({.11)
in obvious fashion, and oprw = opr, +dw . In the Cartan model, Hy; (M) is the cohomol-
ogy of the complex ((C%°(M,N*TM) ® V*g¥[2])%, oprc), where G-invariance is defined in
terms of lc; = I, +1; and opLc = opr, — Qkiduk, with Q¢ the degree 2 generators of V*g¥[2]
and [; defined as in (R.9d)).
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When G is compact and p is a submersion onto gV, H basic(M) is isomorphic to
the equivariant Poisson-Lichnerowicz cohomology Hp; ~(M) [12. Using the Cartan model
for simplicity, a class of Hpp, .(M) is represented by a G-invariant multivector field
a € (C®(M,N*TM) ® VgV [2)C,

loio =0, (4.18)

satisfying the cocycle condition
OPLCOx = 0. (4.19)

This suggests a possible generalization of the ansatz (f.1J) of the form

1 . )

o = Z p!—q!aalmapil---iq (a;)yal v yapcll v Clq7 (420)
P

where o € (C®°(M,N*TM) ® vV*g¥[2])¢. The G-invariance of « is required by the proper

global definedness of the superfield a. A straightforward calculation leads to

1 . .
dpwor = do — Z p'—q'(JPLCa)al"-aPilmiq (w)yal . yapc”l . Cla,
pg

Hence, « satisfies (f:15), provided a € C®(M,N*TM)% satisfies (fE19). In this way,
proceeding exactly in the same way as above, one can construct observables of the field
theory. However, this procedure is not going to yield genuinely new observables. In fact,
the inclusion C%° (M, A*T'M )pasic C (C(M,AN*TM) @ v*g¥[2))¢ induces the isomorphism
HE pasic(M) =~ Hpy (M) mentioned above. This means that any mod d BV cocycle of
the form (f.20) is always BV cohomologous to one of the form ({L.1J).

The Poisson-Weil sigma model in components. One can expand the Poisson-Weil
sigma model fields in homogeneous components. Relations (R.16) still hold. Further, one
has

2(2) = 2(2) + 90 o (2) — 5y ag”(2) (4.21a)
1
Ya(2) = Ua(2) + 9 N0al2) + 3092 02). (4.21b)

Again, the ghost number of the various component fields is given by the degree of the
superfield they appear in minus the number of ¢ they are multiplied by. The covariance
properties of the component fields are intricate, but they are completely determined by
those of the superfield which they belong to. Again, the choice of the signs is conventional.

The action and the BV variations of the Poisson-Weil sigma model (cf. eqs. ({4), (7))
can be written down explicitly in terms of the components fields. The resulting expression
are rather messy and are collected in appendix B for convenience.

It is interesting to study the classical version of the Poisson-Weil model and compare it
with that of the ordinary Poisson model. As for the classical Weil sigma model, the classical
Poisson-Weil sigma model is obtained truncating the field content of the full Poisson-Weil
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sigma model to the ghost number 0 sector. The classical action of the model is then found
to be

Spwe = Swe + /
>

. 1
[ — pi(x) BT + naDax® + iPab(x)nanb , (4.22)
where the classical Weil sigma model action Sy is given in (P.17). Again, as for the
classical Weil sigma model, the symmetry variations of classical Poisson-Weil sigma model
are obtained from the BV variations of the full Poisson-Weil sigma model by retaining only

the ghost fields of ghost number 1,

SpweA’ = dwe A, (4.23a)
dpwebi = dwebi — u;(2)Ya, (4.23b)
SpweBY = dweBY, (4.23¢)
Spwec’ = wec', (4.23d)
Spwet)’ = dwet)', (4.23e)
Spwex® = PP (x)yp 4 u®(x)c, (4.23f)
Spwella = Daya + 9. PP (2)myye + 0aui®(2)mpct — Oapri ()" (4.23g)
PWela = %%Pbc(:l?)ybyc + Bqui® (@)Y, (4.23h)

where the classical Weil sigma model . variations are given by (R.1§). One check that
Spwe 18 invariant under the above field variations,

dpweSpwe = 0. (4.24)
The classical field variation operator dpw. is nilpotent but only on-shell,

Spwe =0 on-shell. (4.25)

5. The gauge fixing of the Poisson-Weil model

In this section, we carry out the gauge fixing of the Poisson-Weil sigma model. Unlike the
gauge fixing of the Weil sigma model, which is essentially unique, the gauge fixing of the
Poisson-Weil sigma model can in principle be carried out in several generally inequivalent
ways depending on the nature of the target space geometry. Exploring all the possibilities
is out question. Below, we concentrate on a gauge fixing prescription that leads to an
interesting topological field theory.

We assume that the data defining the Poisson-Weil sigma model satisfy the following
additional requirements.

1. The manifold M is endowed with a Kaehler structure.
2. The G-action on M preserves the Kaehler structure.

3. The G-invariant 2-vector P is the one canonically associated with the Kaehler struc-
ture.
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By a Kaehler structure, we mean a pair (J,g) formed by an almost complex structure J
and a Riemannian metric g, such that g is Hermitian with respect to J and J is parallel
with respect to the Levi-Civita connection of g. The almost complex structure J is then
automatically integrable and, thus, a complex structure. The Kaehler form w = g.J defines
a symplectic structure and thus a Poisson structure P = w™!. Explicitly

P =0, P = —ig"™® and c. c. (5.1)
The G-invariance of the Kaehler structure entails the G-invariance of P.
As explained in section [, the consistency of the model requires the G-action to be
Hamiltonian with moment map p. Explicitly,

u"; = 19" Ospui and c. c. (5.2)

The invariance of the Kaehler structure under the G-action entails that the funda-
mental vector field u of the G-action is both holomorphic and Killing. This leads to the
relations

Viu®; =0 and c. c., (5.3a)
Vru®s + grig®“Vyul; = 0 and c. c.. (5.3b)

Combining (5.9), (6.34), (b.3H), one finds that p must satisfy the equation
V., Ospt; =0 and c. c.. (5.4)

Proceeding in a way analogous to that of the Weil sigma model, the gauge fixing
is implemented by adding the auxiliary fields of the Weil sigma model (cf. section ) to
the field content of the Poisson-Weil sigma model and by adding the auxiliary field action
Siaux (cf. section B.9) to the Poisson-Weil sigma model action Spy:

SPWext - SPW + SWauX' (55)

The gauge fixed action Ipw is obtained by restricting Spwext to a suitable Lagrangian
submanifold £pw in field space,

Ipw = SPWext‘QPW' (5.6)

Ipw is invariant under a BRST symmetry spw, which is the residual BV symmetry left
intact by the gauge fixing.

The gauge fixing requires, among other things, the choice of a metric of 3. In this way,
as is well-known, 3. acquires in canonical fashion a complex structure. The tangent bundle
of ¥ splits then in its holomorphic and antiholomorphic components TS = TGOS0y
and similarly for the cotangent bundle. Henceforth, we conveniently redefine our notation
according to ¢(10) — ¢, ¢(O1) — G, for a given 1-form field ¢ € Q*(X).

We implement the gauge fixing, by using the gauge fixing conditions (B.9) previously
employed in the Weil sector of the model and the further conditions

Ner = 0 and c. c., (5.7a)
nte =0 and c. c., (5.7b)
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T, =0 and c. c., (5.7¢)

yT" =0 and c. c., (5.7d)

B9, B4]. Using ({.J), it is easy to see that these define a Lagrangian submanifold £py
in field space. Note that, unlike the Weil sigma model, the condition (f.7) are not derived
directly from a gauge fermion, but that does not matter as long as Lpw is Lagrangian as
required.

After a computation, we find

Ipw =Iw -l-/
by

[igm(az)ﬁACx’"DAcxs (5.8)
+ 77 (Dvacyr — Orpti()0") + 0" (Dvacyr — Orpi(2)c")
+ 7S (= iR s(2)yeya + 0r0spi(2)C)
+ bl pj(x) % 1 — Bih" (u” () y, + u”j(2)yr) * 1|,

where Iy is the gauge fixed Weil sigma model action (cf. eq. (B.10)) and D e, D 4c are the
holomorphic and antiholomorphic component of the gauge covariant derivative operator

D4 (cf. egs. (A4), (B-3), (B:H)) and we have defined
Dvacyr = Dacyr — D4 (@) Daca'ys  and c. c, (5.9)

which is both gauge and general coordinate covariant (see appendix [J.). In the above
expression, wedge product of forms is understood again. Expression (p.§) is obtained upon
eliminating the fields

Ter = Ter — D ()T g — igrs(2) D gca® and c. c., (5.10)

which decouple from all the other.
The Poisson-Weil sigma model BRST variations of the fields are obtained

from (A7), (B-3), (B-4) upon restriction to Lpw. They read

spwA? =sw A, (5.11a)
spwidt =swit, (5.11b)
spwb; =swb; — u”i(x)y, — u” i (2)yr, (5.11c¢)
spwBi =swBi — pi(x) (5.11d)
spwc! =swc, (5.11e)
spwC" =syC", (5.11f)
spwé =swé, (5.11g)
spwy =sw, (5.11h)
spwC’ =sy C", (5.11i)
spwl =spT?, (5.11j)
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spwz” = — ig" (z)ys + u"i(z)c! and c.c., (5.11k)

spwyr =% (2) (— ig™ (z)ya + uti(:n)ci)ys (5.111)
+ Vrusi(a:)ysci + arui(a:)Ci and c.c.,
spwh o = — Frts(:n)( —ig"(z)yq + uti(:n)ci)ﬁ+cs (5.11m)

+ Dyex” + Vsuri(a:)ﬁ+csci and c.c.,

where the Weil sigma model sy BRST variations are given by (B.11). One can verify
directly that Ipw is BRST invariant

SprpW = 0. (5.12)

Further, one has
spw> =0 on shell. (5.13)

Unlike the Weil sigma model, the Poisson-Weil BRST variation operator is nilpotent only
on-shell.

It us easy to see that the field theory we have obtained by gauge fixing is topological.
One defines a ghost number —1 gauge fermion Wpw by

1 -1 .
\I’PW = \IIW +/ [iigrs(x)ﬁ—i—chAcxs - §igfs(x)n+chAcxs 5 (514)
=

where Wy is the gauge fermion of the Weil sigma model given by (B-§). Using (p.17)), it
can be verified that

Ipw = Sthop + spw¥pw on Shell, (5.15)

where the Poisson-Weil topological action Sy op is given by

SpPwtop = Switop -l-/ AW, (5.16)
2

with the Weil topological action Sy op given by (B.1). The globally defined 2-form z* qw
is the gauge covariant pull-back of w

1 . .
¥ pw = iwab(x)DAanAxb =x"w + d(pi(z)A") — pi(z)F". (5.17)
The above expression is obtained by using, among other things, the remarkable gauge

covariant Kaehler identity
iGrs (1) D Act” D pcx® — igrs(2) D act” Dact® = 2% qw. (5.18)

This calculation shows the topological nature of the theory. All dependence on the metric
of ¥ and the background connection Ay is again buried inside the gauge fermion Wpyw. The
topological quantum field correlators, therefore, are going to be independent from these
data.

The topological field theory which we are dealing with has been studied by Baptista in
a series of papers [[§-R0]. It describes the moduli space of solutions of the so called vortex
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equations [EJ—p(]. Strictly speaking, the sigma model Lagrangian obtained above differs
from Baptista’s. However, this may be simply a gauge fixing artifact. The fact that our
sigma model and Baptista’s have the same field content and localize on the same space of
field configurations, as we show momentarily, indicates that they are the same topological
field theory. As well known, topological field theories have BRST exact Lagrangians and
this makes them invariant as field theories under large classes of deformations. So, it is not
surprising that the same topological field theory may have several Lagrangian realizations.
What characterizes a topological field theory is its field content and the space of field
configurations on which the field theory localizes. Indeed, the path integral of the field
theory is just a complicated way of writing a functional Dirac delta with support on such
configurations. Thus, one expects two such theories sharing the same set of fields and
localizing on the same field configurations to be equivalent. However, a complete proof of
this statement would require an in depth analysis of the BRST cohomologies of the two
theories and a proof of their equivalence, a task which is beyond the scope of the present
paper.

Let us now show that the topological field theory we have obtained describes the
moduli space of solutions of the vortex equations, as claimed in the previous paragraph.
To begin with, we note that the geometrical data of the gauge fixed Poisson-Weil sigma
model are precisely the same as those of the vortex equations: a principal G-bundle Q
over a Riemann surface ¥ and a Kaehler manifold M with a Hamiltonian effective action
preserving the Kaehler structure. The field configurations, on which our topological field
theory localizes, are the BRST invariant purely bosonic on-shell configurations. They are
easily obtained from the expression (f.11]) of the BRST variations obtained above. Setting
all the fermionic fields to zero in (5.11)) and imposing that the resulting expressions vanish
on shell leads to the equations

F' 4+ h () %1 =0, (5.19)
Dacx” =0, (5.20)

which are precisely the vortex equations.
The vortex configurations are extrema of the energy functional

1 ; o1 1 ..
&= / [ghijFZ * F7 + §gab($)DA:Ea x Dzt + §h”,ui,uj(:1:) x 1|, (5.21)
b

first written down in [[i§, p(]. However, they are not generic extrema. They are instanton
like energy minimizing configurations. Indeed, by means of Bogomolny type manipulations,
one can show that £ can be written as

E =Npy + / [— 2igrs(x) D act” D e’ (5.22)
b
1 o . .
+ §hij (F'+ Wk g () * 1) * (F7 + Wy (z) * 1),

where ng,, is given by

o == [ |ow st ). (5.23)

— 22 —



ng,, depends only on the homotopy class of x and is independent from A. It is thus a topo-
logical invariant characterizing the bundle Ej;. The remaining term in the right hand side
of (F.29) is positive definite and vanishes precisely, when the vortex equations (5.19), (5.20)
are satisfied. Thus, the energy £ is minimized by the vortex configurations and the mini-
mum equals the topological invariant 7g,,. In this sense, vortex configurations are akin to
instantons.

Our gauged topological sigma model can be viewed as a topological field theoretic
completion of a purely bosonic theory with action £. Indeed, the ghost number 0 sector
Ipw?” of the action Ipw after algebraically eliminating the auxiliary field b is given by

1 1

IPWO = _5,’7EAI — 58 (524)

The topological sigma model, which we have obtained, is in fact the gauged version
of Witten’s A-model originally worked out in [LI, ). In the case where the group G is
trivial, the action Ipw reduces indeed to the well-known action of the A-model [i4].

The A-model is known to be related to the quantum cohomology of the target man-
ifold M: its correlators compute the Gromov-Witten invariants. The importance of the
vortex equation moduli space stems from the realization that it enters the definition of the
Hamiltonian Gromov-Witten invariants [d].

6. Outlook

The constructions expounded in this paper are likely to be extendable in several directions.

We have formulated the Weil sigma model for a principal G-bundle Q over ¥ with G
a Lie group. One possibility would be to generalize the model to the case where G is a
Poisson-Lie group. One expects the Lie bialgebra structure of g to play a basic role in this
case. The Weil sigma model described in the paper would be the special case where G has
the trivial Poisson structure.

As a further step, one may try to couple the generalized sigma Weil model so obtained
to the Poisson sigma model with target space M carrying a Hamiltonian Poisson action
of the Poisson-Lie group G. This would yield a generalized Poisson-Weil sigma model and
would be the gauging of the Poisson sigma model by the Poisson-Lie G-symmetry.*

The basic and equivariant Poisson-Lichnerowicz cohomology of M have been defined
and studied by Ginzburg [E2] also for this more general setting. Note that the moment map
u would be GV-valued rather than g¥-valued in this case, where GV is dual Poisson-Lie
dual group of G. The BV cohomology of the generalized Poisson-Weil sigma model should
again be related to this more general cohomology.

The Poisson sigma model with a Poisson-Lie target space G has been studied in [f1—
FJ). One may explore the relation of these models with the one resulting from the con-
structions just outlined.

It remains to be seen whether the generalized models are going to yield interesting
topological field theories upon gauge fixing. All this is left to future work.

4This possibility was suggested to us by F. Bonechi.
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A. The Weil model in components

In this appendix, we collect the explicit expressions of the action and the BV symmetry
transformations of the Weil sigma model in terms of the component fields.

The expansion of the Weil sigma model superfields in components is given in (R.14).
The ghost numbers of the components are given by the following table:

ghb; = 0, gh AT, = —1, ghet; = -2,
ghc = +1, gh A* = 0, ghbt = —1, (A1)
ghBl = _17 ghw+l = _27 ghC+Z = _37 '
ghC? = +2, ghy! = +1, ghB* =0.
The Weil sigma model action Sy (cf. eq. (R.d)) in components reads
Sw :/ [— bi(Fa® + BT — fLbcR) + AT (Dact — ) (A.2)
by
+ Bi(Day' — fljuc B — flb"CF) =yt (DaCT + frincy)
A o
+cty <CZ - §f2jk070k> + C+if2jk070k] ;
where 1
Fy' = dA"+ 2 fin Al AR (A.3)
is the curvature of the connection A and
DaX'=dX' + f, A X" (A.4a)
DAY; = dY; — f*;;A7Y,, (A.4b)

are the gauge covariant derivatives of X € Q*(3,Ad Q) and Y € Q*(3, Ad"Q), respectively.
Above, the various fields are local forms on ¥ obtained by the corresponding components of
the basic superfields by the formal replacement ¥¢ — dz®. Wedge multiplication of forms
is understood.

The Weil sigma model BV variations (cf. eq. (B-4)) of the components are explicitly

given by
Syt =C° — % flnd ek, (A.5a)
Sw A" =t — Dyd, (A.5b)
Swb™ =BT 4 Fp' — flpdbth, (A.5¢)
Swbi =f* by + £,,07 By, (A.5d)
Sw AT =Dab; + fFudd ATy + 00Ty — 707 By, (A.5e)
Swet; =DaAY; — fEubTb, + fFiidety (A.5f)
— Ryt — 2 BB, + 000,
SO = — fiid CF, (A.5g)
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Syt = — DAC* — fiicdyk, (A.5h)
SwBT =Dayt — fipd BYE — flaptick, (A.50)
SwBi = —b; + f*;,d By, (A.5])
Swipts = — ATy + DaB; + fFiic Ty, (A.Bk)
SwCti =Dyt + fFdCry — fFbT By, — oy, (A.51)

as one can check by a simple computation.

B. The Poisson-Weil model in components

In this appendix, we collect the explicit expressions of the action and the BV symmetry
transformations of the Poisson-Weil sigma model in terms of the component fields.

The expansion of the Poisson-Weil sigma model superfields in terms of components is
given in (R.14), (E.21). The ghost numbers of the components are given by table ([A.1]) and
by the following one:

gh$a = 07 gh77+a = _17 ghy+a = _27 (B 1)
ghys = +1,  ghn, =0,  gha®y = -1 '
The Poisson-Weil sigma model action Spyw (cf. eq. (£:4)) in components is given by
1
Spw =Sw + / |:77aDA:Ea + EP“b(x)nanb (B.2)
by

+ Tl+a (DAya + aanc(x)leyc + (%uib(a;)nbci - aa/%(‘r)wl)

1 1 . )
+ §7I+a77+b <§5a5bPCd(l’)ycyd + 0O (2)yec" + 3a3bﬂi($)cl>

— uﬂ(m)yabﬂ — ,ui(:L')BH +zt, (P“b(x)yb + ui“(:n)ci)

1 . .
—yt <§8anc(w)ybyc + Daui” (@) ypc’ + &zm(w)(ﬂﬂ :

where Sy is given by (A.9) and

Dz = dz® — w;%(x) A", (B.3a)

DAya = dya + aauib($)Aiyb (B3b)
are the gauge covariant derivatives of x and y, respectively. Recall that the various fields
are local forms on X obtained from the corresponding components of the superfields by
the formal replacement ¥¢ — dz® and that wedge multiplication of forms is understood
throughout. The main properties of the gauge covariant derivatives are collected in ap-
pendix [d.

The Poisson-Weil sigma model BV variations (cf. eq. (f.7)) of the component fields are

given by

5pwci = 5Wci, (B.4a)
SpwA? = oy AY, (B.4b)
5pwb+i = 5wb+i, (B.4C)

— 925 —



dpwb; = dwbi — ;" (2)ya, (B.4d)

Spw AT = dw AT — daui® (@) Y — wi ()14, (B.4e)
dSpweti = oyt — 8auib(x)n+“nb —u"(x)xt, (B.4f)
- %aaabuic($)n+a77+byc + Oaui”(x)y s,
SpwC* = sy CY, (B.4g)
Spwi)' = dw, (B.4h)
SpwBT = 6w BT, (B.4i)
opw B; = 6w B; — pi(z), (B.4j)
Spw i = Owip ™y — Daps(x)n™, (B.4k)
Sow 't = B C i — () + D)y, (B.41)
Spwa® = P (x)yy + uw®(x)c’, (B.4m)
Spwnt® = Daz® + 0P (x)nCyy + Opus (x)n 0 + P (), (B.4n)
dpwy 't = —Dan™® — P (x)i* oy (B.40)

B %8cadpab($)n+cn+dyb _ %8bacuia(x),’7+bn+c i
— P(2)aty + 8.P% @)yt + By @)yt + ui ()b,

SpwWYa = %aapbc(x)ybyc + Oqui"(x)ypc’ + Oapri(z)C", (B.4p)

owita = Daa + 30600 () e+ 0P () (B.4q)
+ 0a0cu” ()t ype’ + Oaui® (@)’
— Dapti(x)1" + 0aOpprs()n ™ C",

dpwata = Dang + %%Pbc(x)nbﬂc — DaOeu” (x)n T yp A’ (B.4r)
+ 0a0cui® ()0 e’ + Qa0 P ()0 iy
+ iaaadaep (@) ypye + %3a3c5duib(fl7)77+c77+dyb6i
FOPY(@)r e+ Qa2 — L0, )y e
— BaBeui” (@)y e’ — Bqui® (x)yob ™" — aBppi ()0’
b 5 0uDhepts ()0~ 0uhgiw)y O~ upa() B
where the Weil sigma model &y variations are given by (A.5) and

DA77+a — d,’,,—i-a _ abui“(x)AinH’, (B.5a)
D ang = dng + aauib(x)Ainb (B5b)

are the gauge covariant derivatives of n* and 7, respectively.’

5Here, we are abusing our terminology. Strictly speaking, Dan, as defined above, is gauge covariant only
when y vanishes. See again appendix E
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C. G and general covariance

The covariance of the fields of the sigma models studied in the main body of the paper is
rather intricate. The embedding field is not simply a map x : ¥ — M, as in the ordinary
ungauged sigma models, but a section of the bundle Ey; = @ xg M, whose definition
combines in a non trivial manner the principal G-bundle @) on ¥ and the manifold M with
G-action. The other fields are sections of bundles which are (related to) pull-backs by =
of bundles on E);. The construction of suitable gauge and general covariant derivatives of
the fields is thus a subtle matter. For the sake of concreteness, it may be useful to write
down the covariance of these fields and their covariant derivatives in terms of the cocycles
representing the bundles, which they are sections of. This is done in the present appendix.
More material on this topic can be found for instance in [[§ -0, Q.

Let G be a connected Lie group. Let the manifold M carry a left G-action. The
fundamental vector field u of the G-action is defined by the relation

g (m) = m® — 'u;"(m) + 0(&?), (C.1)
for g = exp(§) € G with € € g. u is G-equivariant, i.e. for g € G,
81)9_1“ o guib og= (Adg)jiuja. (C.2)

Let @ be a principal G-bundle on the closed surface ¥. Let {gap(z)} be a G-valued
1-cocycle representing ). Here, A, B, C ...are local trivialization indices. The 1-cocycle
condition

948(2)gBc(2) = gac(2), (C.3)
when defined, holds.

Let Ejs be the fiber bundle on ¥ represented by the non linear cocycle {gap®(z,mp)}
obtained from the G-valued 1-cocycle {g4p(z)} representing @) via the G-action on M. A
section x € I'(X, E)y) is given locally as a collection of maps {z4(z)} into M matching as

xA%(2) = gap®(z,x5(2)). (C.4)

Let x € I'(X,En). Let x*Vert TEp be the vector bundle on ¥ represented
by the l-cocycle {Cap®(z)}, where Cap®(z) = 0Obgap®(z,xp(2)). A section v €
O0(X, 2*Vert TE)y) is given locally as a collection of T'M-valued functions {v4%(2)} match-
ing as

va®(2) = hgan®(z,25(2))vE"(2). (C.5)
In similar fashion, let x*Vert*T E); be the vector bundle on ¥ represented by the 1-cocycle
{C* ABa’(2)}, where C* 4a®(2) = 0agpa®(2,24(2)). A section s € QV(X, 2*Vert*TEyy) is
given locally as a collection of T M-valued functions {s44(z)} matching as

Saa(z) = E?agBAb(z,a:A(z))st(z). (C.6)

We want to construct gauge covariant derivatives for sections of the bundles Fy,
x*Vert TE)y;, x*Vert*T'Ey;. To this end, one needs a connection of (). Recall that a
connection A of Q is given locally as a collection of g-valued 1-forms {A4%(z)} matching as

AAi(z) = (AdgAB(z))ijABj(z) + (gAB(z)dgAB(z)_l)i, (C.7)
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where here and below d denote the de Rham differential of X.
The following relation

dgap®(z,mp) = (9ap(2)dgap ()" ) w;*(gap(z,mp)) (C.8)

plays a basic role in the following analysis of covariance.
For x € I'(X, Er), define

D% = dz® — u;®(z) A" (C.9)
Using (C.7), (C3), one finds that
(Daz)a%(2) = Opgap®(z, 2p(2))(Daz)5°(2). (C.10)

This shows that Dz € QY(X, 2*Vert TEys). In this sense, Dax is the gauge covariant
derivative of x.
Let z € I'(X, Ep). For v € QO(X, 2*Vert TE)y), define

D 4v® = dv® — dpu®(x) Al (C.11)
Then, using ([C.7), (IC.§), one finds
(Dav)A%(2) = Opgan®(z, x5(2))(Dav)5"(2) (C.12)

+ 0y0egap® (2, 25(2))(Daz) g’ (2)vE°(2).
Similarly, for s € QO(2, 2*Vert*T E)y), define
Dys, = ds, + 8au,~b(x)Aisb. (C.13)
Then, using ([C.7), (C.§) again, one obtains

(Das) aa(2) = 0agpa’(2,24(2))(Das)s(2) (C.14)
+ 0,0hgBA (2, xA(z))(DAx)Ab(z)sBc(z).

Note that Dav & QY (X, 2*Vert TE);) because of the second term in the right hand side
of (C.19). However, notice that this term would be absent if M were a linear space and
the G-action on M were linear, that is if Ej; were a vector bundle. For this reason,
with an abuse of language, we call Dv the gauge covariant derivative of v. Similarly,
Das € QY(Z, z*Vert*TE)ys) because of the second term in the right hand side of ([C.14).
Again, with an abuse of language, we call D 4s the gauge covariant derivative of s.

One can correct the lack of full covariance found above by using a G-invariant connec-
tion of M. Recall that a connection I' of T'M is said G-invariant, if, for any g € G

% =T%; 09039~ 0 gdyg°0eg’ + Bag™ " 0 gdy0.g". (C.15)

The Levi-Civita connection associated to a G-invariant Riemannian metric is G-invariant.

— 928 —



For a section v € QO(X, x*Vert TE)y), we define

Dy gv® = Dgv® + F“bc(az)DAxbvc. (C.16)

Then, under a change of local trivialization

(Dy av)a®(2) = Opgan®(z,25(2))(Dvav)s°(2). (C.17)

Thus, Dyav € QY(E, 2*Vert TE);) and Dy 4v is a genuine covariant derivative. Similarly,
for a section s € Q(3, z*Vert*TE)y), we define

Dyase = Dys, — Fcba(x)DAxbsc. (C.18)

Then, under a change of local trivialization

(Dv a8) aa(2) = 0agpa®(2,24(2))(Dvas)Bp(2). (C.19)

Thus, Dyas € QY(X, 2*Vert*T Ey;) and Dy 45 is a genuine covariant derivative.
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